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Abstract

ANon-negative Weak Majority Roman Dominating Function (NNWM-

RDF) on a graph G=(V,E) is a function f : V → {−1,+1, 2} satisfying

the condition that the sum of its function values over at least half the

closed neighborhood is at least zero. The weight of a NNWMRDF is the

sum of its function values over all vertices. The Non-negative Weak Ma-

jority Roman Domination Number of a graph G, denoted by γNN
wmr(G),

is defined as γNN
wmr(G) = min {w(f) | f is a NNWMRDF of G}. In

this paper, we initiate the study of Non-negative Weak Majority Roman

Domination In Graphs.
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1 Introduction

By a graph G = (V,E), we mean a finite, non-trivial, connected, and undi-

rected graph with neither loops nor multiple edges. The order and size of G

are denoted by n and m respectively. For graph theoretic terminology we refer

to Chartand and Lesniak [1].

The study of domination is one of the fastest growing areas within graph

theory. A subset D of vertices is said to be a dominating set of G if every ver-

tex in V either belongs to D or is adjacent to a vertex in D. The domination

number γ(G) is the minimum cardinality of a dominating set of G. Survey of

several advanced topics on domination is given in the book edited by Haynes

et al. [2].

For a real valued function f : V → R on V ,weight of f is defined to be

w(f) =
∑

v∈V f(v) and also for a subset S ⊆ V , we define f(S) =
∑

v∈S f(v).

Therefore w(f) = f(V ). Further, for a vertex v ∈ V , let f [v] = f(N [v])

for notation convenience. A function f : V → {−1,+1} is called a major-

ity dominating function if f [v] ≥ 1 for at least half of the vertices in G.

The majority domination number of G is denoted by γmaj(G) and is defined

as γmaj(G) = min {w(f) | f is a majority dominating function of G}. Ma-

jority domination was first introduced by Broere et al. in [3] and further

studied in [4, 5].

A function f : V → {−1,+1} is called a Non-negative signed dominating

function if f(N(v)) ≥ 0 for all vertices in graph G. The Non-negative signed

domination number ofG, is defined as γNt
S (G) = min {w(f) | f is a NSDF of G}.

The concept of non-negative signed domination of a graph was introduced in

[7].
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A weak signed Roman dominating function (WSRDF) of a graph G with

vertex set V (G) is defined as a function f : V (G) → {−1,+1, 2} having the

property that f(N [v]) ≥ 1 for all v ∈ V (G), where N [v] is the closed neigh-

borhood of v. The weight of a WSRDF is the sum of its function values over

all vertices. The weak signed Roman domination number of G, denoted by

γwsR(G), is the minimum weight of a WSRDF in G. Weak signed Roman

domination number was introduced by L.Volkmann in [6]

In this paper, we initiate the study of Non-negative Weak Majority Roman

Domination in graphs.

2 Definition

Definition 2.0.1. A Non-negative Weak Majority Roman Dominating Func-

tion (NNWMRDF) on a graph G=(V,E) is a function f : V → {−1,+1, 2}

satisfying the condition that the sum of its function values over at least half

the closed neighborhood is at least zero. The weight of a NNWMRDF is the

sum of its function values over all vertices. The Non-negative Weak Majority

Roman Domination Number of a graph G, denoted by γNN
WMR(G), is defined as

γNN
WMR(G) = min {w(f) | f is a NNWMRDF of G}.

Remark 2.0.2. For every graph G, γNN
WMR(G) ≤ γwsR(G).

Example 2.0.3. Now consider the graph G as follows

b

b b

b
−1

2

−1

−1

By the way of assigning −1,+1 and 2 to the vertices of G, it is easy to

observe that γNN
WMR(G) = −1.
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Remark 2.0.4. Let us follow throughout the paper the following terminolo-

gies. If f is a weak majority roman dominating function of a graph G, then

we define the sets Vf,1, Vf,−1, Vf,2 and Nf as follows.

(i) Vf,1(G) = {v ∈ V (G) : f(v) = 1}

(ii) Vf,−1(G) = {v ∈ V (G) : f(v) = −1}

(iii) Vf,2(G) = {v ∈ V (G) : f(v) = 2}

(iv) Nf (G) = {v ∈ V (G) : f [v] ≥ 0}

Remark 2.0.5. If f is any weak majority Roman dominating function of a

graph G of order n, then f [v] ≥ 0 for at least half of the vertices of G. Further,

it is obvious that |Vf,1|+ |Vf,−1|+ |Vf,2| = n and γNN
WMR(G) ≤ |Vf,1| − |Vf,−1|+

2 |Vf,2|.

3 Common Classes Of Graphs

Theorem 3.0.6. For any path Pn on n ≥ 2 vertices,

γNN
WMR(Pn) =











3
⌈

n
6

⌉

− n− 1 if
⌈

n
2

⌉

≡ 1 (mod 3) ,

3
⌈

n
6

⌉

− n otherwise.

Proof. Let Pn = (v1, v2, ..., vn) and let f be a NNWMRDF of Pn with γNN
wmr(Pn) =

f(V ). Since deg vi = 2, for all (2 ≤ i ≤ n − 1), for a vertex vi ∈ Vf,2, three

vertices belongs to Nf . Since |Nf | ≥
⌈

n
2

⌉

, we have three cases.

Case 1.
⌈

n
2

⌉

≡ 0 (mod 3)

Then |Vf,2| ≥
⌈

n
6

⌉

and |Vf,−1| ≤ n−
⌈

n
6

⌉

. Hence γNN
WMR(Pn) ≥ 3

⌈

n
6

⌉

− n.

Case 2.
⌈

n
2

⌉

≡ 1 (mod 3)
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That is,
⌈

n
2

⌉

− 1 ≡ 0 (mod 3). Then |Vf,2| ≥
⌈

n
6

⌉

− 1 and |Nf | ≥
⌈

n
2

⌉

− 1.

Hence |Vf,1| ≥ 1 and |Vf,−1| ≤ n−
⌈

n
6

⌉

. Therefore γNN
WMR(Pn) ≥ 3

⌈

n
6

⌉

−n− 1.

Case 3.
⌈

n
2

⌉

≡ 2 (mod 3)

That is,
⌈

n
2

⌉

− 2 ≡ 0 (mod 3). Then |Vf,2| ≥
⌈

n
6

⌉

− 1 and |Nf | ≥
⌈

n
2

⌉

− 2. If

the two pendant vertices belongs to Nf , then |Vf,1| ≥ 2. Otherwise |Vf,2| ≥
⌈

n
6

⌉

and |Vf,−1| ≤ n−
⌈

n
6

⌉

. Therefore γNN
WMR(Pn) ≥ 3

⌈

n
6

⌉

− n

On the other hand, define the function g : V → {−1,+1, 2} by

(i) n ≡ x (mod 6), where x ∈ {0, 4, 5}

g(vi) =











2 if i = 2 and i ≡ 2 (mod 3),(1 ≤ i ≤
⌊

n
2

⌋

)

−1 otherwise

(ii) n ≡ 3 (mod 6)

g(vi) =











2 if i = 2 and i ≡ 2 (mod 3),(1 ≤ i ≤
⌈

n
2

⌉

)

−1 otherwise

(ii) n ≡ x (mod 6), where x ∈ {1, 2}

g(vi) =























2 if i = 2 and i ≡ 2 (mod 3),(1 ≤ i ≤
⌊

n
2

⌋

)

+1 if i = n

−1 otherwise

Then we can verify that g(N [v]) ≥ 0 for at least half of the vertices in G

with weight γNN
WMR(Pn) ≤











3
⌈

n
6

⌉

− n− 1 if
⌈

n
2

⌉

≡ 1 (mod 3) ,

3
⌈

n
6

⌉

− n otherwise.

Consequently, the result follows.

Theorem 3.0.7. For any cycle Cn, on (n ≥ 3) vertices,

γNN
WMR(Cn) = 3

⌈

n
6

⌉

− n.
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Proof. Let Cn = (v1, v2, ..., vn, v1) and let f be a NNWMRDF of Cn with

γNN
wmr(Cn) = f(V ). Since deg vi = 2, for all i, for a vertex (vi ∈ Vf,2), three

vertices belongs to Nf . Since |Nf | ≥
⌈

n
2

⌉

, we have |Vf,2| ≥
⌈

n
6

⌉

and |Vf,−1| ≤

n−
⌈

n
6

⌉

. Hence γNN
WMR(Cn) ≥ 3

⌈

n
6

⌉

− n.

On the other hand, define the function g : V → {−1,+1, 2} by

(i) n ≡ x (mod 6), where x ∈ {1, 2}

g(vi) =











2 if i = 2 and i ≡ 2 (mod 3),(2 ≤ i ≤
⌈

n
2

⌉

+ 1)

−1 otherwise

(ii) n ≡ x (mod 6), where x ∈ {0, 3, 4, 5}

g(vi) =











2 if i = 2 and i ≡ 2 (mod 3),(2 ≤ i ≤
⌈

n
2

⌉

)

−1 otherwise

Then we can verify that g(N [v]) ≥ 0 for at least half of the vertices in Cn with

weight γNN
WMR(Cn) ≤ 3

⌈

n
6

⌉

− n

Theorem 3.0.8. For any complete graph Kn, on (n ≥ 2) vertices, γNN
WMR(Kn) =

0

Proof. Let f be a NNWMRDF of Kn with γNN
WMR(Kn) = f(V ). Then there ex-

ists an vertex v of Kn such that f(N [v]) ≥ 0. This implies that γNN
WMR(Kn) =

f(V ) = f(N [v]) ≥ 0.

On the other hand, Choose vertices v1, v2, ..., vn ofKn and let S =
{

v1, v2, ..., v⌈n

2
⌉

}

.

Suppose first that n is even and n ≥ 4. Now define g : V → {−1,+1, 2} by

g(x) = −1, for each x ∈ S, and g(x) = 1 for each x /∈ S. Now suppose n is

odd. Define g(vn) = 2, g(x) = −1, for each x ∈ S, and g(x) = +1, for each

x /∈ S ∪ {vn}. Hence γNN
WMR(Kn) ≤ 0. Consequently the result follows.

Theorem 3.0.9. For any star K1,n−1 on n ≥ 2 vertices,
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γNN
WMR(K1,n−1) = 2− n.

Proof. Let u be the central vertex and let v1, v2, ..., vn−1 be the pendant ver-

tices. Now let f be a NNWMRDF of K1,n−1 such that γNN
WMR(K1,n−1) = f(V ).

Since K1,n−1 is connected, |Vf,1| ≥ 1. Hence γNN
WMR(K1,n−1) ≥ 2 − n. On

the other hand by assigning +1 to the central vertex and −1 for pendant

vertices we obtain a NNWMRDF of K1,n−1 with weight 2 − n. Therefore

γNN
WMR(K1,n−1) = 2− n.

Theorem 3.0.10. For any wheel Wn, on (n ≥ 4) vertices,

γNN
WMR(Wn) = 2

⌈

n
6

⌉

− n+ 2.

Proof. Let u be the central vertex of Wn and let v1, v2, ..., vn−1 be the vertices

of Cn−1. Now let f be a NNWMRDF of Wn such that γNN
WMR(Wn) = f(V ).If

u ∈ Nf , then γNN
WMR(Wn) ≥ 0. Now suppose u /∈ Nf . For each vi ∈ Nf , we

have

(i) f(N [vi])− f(u) ≥ −1 if f(u) = 2

(ii) f(N [vi])− f(u) ≥ −1 if f(u) = 1

(iii) f(N [vi])− f(u) ≥ 1 if f(u) = −1

Since f is minimum, we take f(u) = +1. Now since every vertex vi ∈ Nf has

degree three, for a vertex vi ∈ Vf,1, three vertices belongs to Nf . Also since

|Nf | ≥
⌈

n
2

⌉

and f(u) = +1, we have |Vf,1| ≥
⌈

n
6

⌉

+ 1. Therefore |Vf,−1| ≤

n−
⌈

n
6

⌉

− 1. Hence the lower bound follows.

Now for the upper bound define the function g : V → {−1,+1, 2} by g(u) = +1

and

g(vi) =











1 for any
⌈

n
6

⌉

vertices with i ≡ 1(mod3),

−1 otherwise.
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It is easy to verify that g is a NNWMRDF with weight 2
⌈

n
6

⌉

− n+ 2. Conse-

quently the result follows.

Theorem 3.0.11. Let G be a regular graph of order n. Then

γNN
WMR(G) ≥

⌈

n
2

⌉

− n.

Proof. Let f be a NNWMRDF of G. Since for at least half of the vertices

v ∈ V , f(N [v]) ≥ 0, we have

∑

v∈V

f(N [v]) ≥ 0(
⌈

n
2

⌉

) + (−r − 1)(n−
⌈

n
2

⌉

)

Also the
∑

v∈V

f(N [v]) counts the value f(v) exactly deg v + 1 times for each

vertex v ∈ V . That is,
∑

v∈V

f(N [v]) =
∑

v∈V

f(v)(deg v + 1). Hence,

∑

v∈V

f(v)(r + 1) ≥ (0)(
⌈

n
2

⌉

) + (−r − 1)(n−
⌈

n
2

⌉

)

=
⌈

n
2

⌉

(r + 1) + n(−1− r)

f(V ) ≥
⌈n

2
⌉(r+1)−n(1+r)

r+1

Theorem 3.0.12. LetG=K2n − M ; where M is a perfect matching in the

complete graph K2n. Then γNN
WMR(G) = −1.

Proof. Let V (K2n) = (v1, v2, ..., v2n) and M = (v1v2, v3v4, v5v6, ..., v2n−1v2n).

Now define a function f : V → {−1, 1, 2} by

f(vi) =























+1 if 1 ≤ i ≤ n− 2

2 if i = n

−1 otherwise

International Journal of Scientific & Engineering Research Volume 13, Issue 7, July-2022 
ISSN 2229-5518 119

IJSER © 2022 
http://www.ijser.org

IJSER



Non-negative Weak Majority Roman Domination In Graphs 9

Then it is easy to verify that f is a NNWMRDF. Hence γNN
WMR(G) ≤ −1. Now

let g be any NNWMRDF of G with γNN
WMR(G) = g(V ). Let vi ∈ Ng and let

vj be the vertex which is not adjacent to vi. Hence g(V ) = g(N [vi]) + g(vj) ≥

0− 1 = −1.

Theorem 3.0.13. Let G denote the friendship graph with t-triangles.Then

γNN
WMR(G) = 2− 2t

Proof. Let u be the central vertex of G and let (v1, v2, ..., v2t) be the vertices

in the triangles. Now define f : V → {−1, 1, 2} by f(u) = 2 and assign −1

for remaining vertices. Then it is easy to verify that f is a NNWMRDF with

γNN
WMR(G) ≤ 2− 2t

Now let g be any NNWMRDF with γNN
WMR(G) = g(V ) = g(N [vi]) + g(V −

N [vi]). Therefore γNN
WMR(G) ≥ 0 + (−1)[2(t− 1)].

4 Open problems

We encountered numerous problems in the course of this investigation. We list

here some of them.

1. Characterization of graphs G for which γwsR(G) = γNN
WMR(G).

2. Find sharp lower bound of γNN
WMR(G).

3. Find the non-negative weak majority roman domination number of trees.
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